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For a complex Banach algebra E, let HL(E) be the space of the mappings from E into E
that are analytic in the sense of Lorch. We will show that HL(E) is a closed subalgebra of
Hb(E, E) and we will give a description of its spectrum. As an application we will show
that E is semi-simple if and only ifHL(E) is semi-simple. We will also give descriptions of
the spectra of other algebras of analytic mappings in the sense of Lorch. In particular we
will study the spectrum of the Banach algebraH∞L (int BE) of the bounded mappings from
int BE into E that are analytic in the sense of Lorch.
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1. Introduction
If A is a complex commutative topological algebra, we denote byM(A) the spectrum of A i.e. the set of the nonzero
complex valued homomorphisms defined in A. It is well known thatM(A) coincides with the set of the closed maximal
ideals ofA.
During the 1957 Conference in Analytic Function Theory at the Institute for Advanced Study at Princeton, a group of
mathematicians studied the spectrumM(H∞(∆)) of the algebra H∞(∆) of bounded analytic functions in the open unit
disc ∆ = {λ ∈ C : |λ| < 1}. The results on H∞(∆) obtained by them were published under the pseudonym of Schark
(cf. [1]). Many of these results can be found in the second, third and fourth sections of Chapter 10 in [2]. Aron, Cole and
Gamelin considered in [3] the Banach algebra H∞(B) of the bounded holomorphic complex valued functions defined in
the open unit ball B of a complex Banach space X . To obtain information aboutM(H∞(B)) they studied firstM(Hb(X))
where Hb(X) denotes the Fréchet algebra of complex valued entire functions on X which are bounded on bounded sets.
After this pioneer work of Aron, Cole and Gamelin, published in 1991, the problem of studying the spectrum of this algebra
has been studied by several authors. Some of these authors considered the vectorial case of the Fréchet algebraHb(U, Y ) of
the holomorphic mappings from an open subset U of the Banach space X into a Banach algebra Y which are bounded in the
U-bounded, endowed with the topology of uniform convergence on U-bounded subsets of X and different subalgebras of
this algebra (see the definition of U-bounded at the end of this section). We refer the reader to [4–9] and, in the case when
X is a (DF) space, to [10]. Most of these authors obtained descriptions of the spectrum of Hb(U, Y ) under the condition
thatHb(U, Y ) coincides with the spaceHwu(U, Y ) of the holomorphic mappings from U into Y that are uniformly weakly
continuous on the U-bounded subsets of X . The first result in this setting is due to Aron, Cole and Gamelin who showed
in [4] that if the dual of X has the approximation property, thenM(Hb(X)) coincides with the bidual of X (as a set) if and
only if the weakly continuous polynomials on X are dense inHb(X). In [5], an analytical structure was given toM(Hb(X))
when X is a symmetrically regular Banach space.
Wewill start this paper by considering the spaceHL(E) of themappings f from a Banach algebra E into E that are analytic
in the sense of Lorch (see Definition 1.1). Observe thatHL(E) 6⊂ Hwu(E, E)whenever E fails to have the Schur property. We
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will show thatHL(E) is a closed subalgebra ofHb(E, E) and we will give a description of the spectrum of this algebra. As a
consequence we will show that the algebra E is semi-simple if and only if the algebraHL(E) is semi-simple. Thus, if E is a
semi-simple Banach algebra, every multiplicative isomorphism betweenHL(E) and E is an homeomorphism. We will also
consider other algebras of mappings analytic in the sense of Lorch ((L)-analytic). More explicitly, we will study the spectra
of the Banach algebrasAL(BE) andH∞L (U, E) whereAL(BE) denotes the space of all f from the closed unit ball BE of E into
E that are (L)-analytic in the interior of BE and uniformly continuous on BE (endowed with the topology generated by the
norm defined by ‖f ‖BE := supz∈BE ‖f (z)‖) andH∞L (U, E) denotes the space of the mappings f from an open subset U of E
into E that are bounded and (L)-analytic on U (with the sup norm).
First we are going to recall some definitions and notations. By definition, the radical of an algebraA is the intersection
of all maximal ideals inA. We will denote the radical ofA byR(A). An algebraA is called semi-simple ifR(A) = {0}. If
A is a Fréchet algebra,
R(A) =
⋂
ϕ∈M(A)
ϕ−1(0).
A proof of this fact can be found in [11], p. 161 (see proof of Proposition 8.1.2). IfA is a normed algebra, an element a ∈ A
is quasi-nilpotent (or generalized nilpotent) if lim ‖an‖ 1n = 0. In this case, the set of all quasi-nilpotent elements of A
coincides with the radical ofA (see [12]).
In this paper, unless when said the contrary, E will be always a commutative complex Banach algebrawith a unit element
e and, without loss of generality, we will suppose that ‖e‖ = 1.
Clearly we may consider the power series
∞∑
n=0
an(z − a)n (1)
where an ∈ E for all n ∈ N and z ∈ E. If we define
1
ρ
= lim sup
n→∞
‖an‖ 1n , (2)
then the series (1) converges absolutely for z in ‖z − a‖ < ρ and every larger sphere around a contains points at which the
series diverges. Moreover, the convergence of the series is uniform in each sphere around a of radius less than ρ.
If U is an open connected subset of E, we say that f : U → E has an (L)-derivative f ′(z0) ∈ E at z0 ∈ U if for each ε > 0
a δ > 0 can be found such that for all h ∈ E satisfying ‖h‖ < δ we have
‖f (z0 + h)− f (z0)− hf ′(z0)‖ < ε‖h‖.
Definition 1.1. We say that f is (L)-analytic in U if f has an (L)-derivative at each point of U .
We remark that if f : U → E is (L)-analytic in U then it is clearly continuous and Fréchet differentiable in U and hence it
is a holomorphic mapping in the usual sense of Definition 5.1 in [13] (see also [14] and [15]). However, the converse is not
true. The Taylor series expansion of an (L)-analytic mapping f takes a particularly simple form. More precisely, it is known
that f is (L)-analytic in U if and only if given any a ∈ U there exists ρ > 0 and there exist unique elements an ∈ E, such that
f (z) =∑∞n=0 an(z − a)n, for all z in ‖z − a‖ < ρ. For details, see for instance the theorems 3.19.1 and 26.4.1 in [16]. In the
notation of [14] we have 1n! d̂
nf (a)(z) = anzn for every n ∈ N.
The extension of the classical theory of analytic functions of a complex variable based in the definition of analyticity
introduced by Lorch (see [17]) is more restrictive as he considered only mappings which have for their domains and ranges
subsets of a commutative Banach algebra with unit. But it is more natural and, in many senses, richer. For instance, with
Lorch’s work as foundation, Blum extended in [12] the theory to include a study of Laurent expansions, rational functions
and singularities of analytic functions. We refer the reader also to [18] where Glickfeld presents a generalization of the
Mittag-Leffler theorem.
If f is a mapping from a complex Banach space X into a complex Banach space Y and B is contained in X , we denote
supx∈B ‖f (x)‖ by ‖f ‖B. For n ∈ N, P (nE, F) will denote the space of all continuous n-homogeneous polynomials from E
into F . We recall that by definition a mapping P : E → F is a (continuous) n-homogeneous polynomial if there exists a
(continuous) n-linear mapping A : En → F such that P(x) = A(x, . . . , x) for every x ∈ E. The usual norm in P (nE, F) is
given by ‖P‖BE = supx∈BE ‖P(x)‖ and it is well known thatP (nE, F), endowedwith this norm, is a Banach space. For an open
subset U of E, we say that B ⊂ U is U-bounded if B is bounded and dist (B, ∂U) > 0. We denote byHwu(U, E) the space of
the holomorphic mappings from U into E which are weakly uniformly continuous on the U-bounded subsets of U and by
Hb(U, E) the space of holomorphic mappings from U into E which are bounded on the U-bounded subsets of U endowed
with the topology τb of uniform convergence on the U-bounded subsets of U . It is well known that Hb(U, E) is a Fréchet
algebra.
We refer the reader to [14,13,19] and [20] for background on holomorphicmappings and on Banach and Fréchet algebras.
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2. The algebraHL(E)
For every n ∈ N we will denote by PL(nE) the space of the n-homogeneous polynomials from E into E which are (L)-
differentiable in E, i.e., the (L)-analytic n-homogeneous polynomials in E. We consider PL(nE) as a topological subspace of
P (nE, E).
It is routine to verify that for each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that P(z) = azn for all z ∈ E.
So, it is easy to see that for each n ∈ N,PL(nE) is isometrically isomorphic to E.
As a immediate consequence of this we have
Proposition 2.1. For each n ∈ N,PL(nE) is a Banach space.
The space of all (L)-analytic mappings in an open subset of U will be denoted by HL(U, E). If U = E we write HL(E)
instead ofHL(E, E).
In all this paper, given any U ⊂ E, Id : U → E will be the identity mapping Id(z) = z and, for each a ∈ E, f˜a will denote
the constant mapping f˜a(z) = a for all z ∈ U .
Proposition 2.2. With the usual operations,HL(E) is a subalgebra of Hb(E, E) with unit f˜e.
Proof. From Definition 1.1, it is clear that HL(E) is an algebra when endowed with the usual operations. It is also clear
that the constant mapping f˜e is the unit of HL(E). Now, given f ∈ HL(E) there exists (unique) elements an ∈ E such that
f (z) = ∑∞n=0 anzn for all z ∈ E. Since lim supn→∞ ‖an‖ 1n = 0 and ‖an‖ = ‖ 1n! d̂nf (0)‖BE for every n ∈ N, we have that
f ∈ Hb(E, E). 
Remark 2.3. AsHL(E) ⊂ Hb(E, E), we have that f ∈ HL(E) if and only if there exists (unique) elements an ∈ E such that
limn→∞ ‖an‖ 1n = 0 and f (z) =∑∞n=0 anzn for all z ∈ E.
In general,HL(E) & Hb(E, E). Indeed, a classical example of a continuous linear mapping from a Banach algebra E into E
which fails to be (L)-differentiable is given by
f (γ1, γ2) = (γ2, γ1) for all (γ1, γ2) ∈ C2
when we consider in C2 the operations
(γ1, γ2)+ (ξ1, ξ2) = (γ1 + ξ1, γ2 + ξ2)
α(γ1, γ2) = (αγ1, αγ2) and (γ1, γ2)(ξ1, ξ2) = (γ1ξ1, γ2ξ2)
and the norm
‖(γ1, γ2)‖ = max{|γ1|, |γ2|}.
Proposition 2.4. (HL(E), τb) is a commutative Fréchet algebra with unit f˜e.
Proof. SinceHb(E, E) is a commutative Fréchet algebra and f˜e ∈ HL(E), all we have to show is thatHL(E) is complete. Take a
τb-Cauchy sequence (fk)k ⊂ HL(E). AsHL(E) ⊂ Hb(E, E) and (Hb(E, E), τb) is complete, there exists f ∈ Hb(E, E) such that
fk
τb−→ f . By hypothesis, for each k ∈ N there exists (ank)∞n=0 ∈ E satisfying limn ‖ank‖
1
n = 0 and such that fk(z) =∑∞n=0 ankzn,
for all z ∈ E. As f ∈ Hb(E, E), we have that f (z) =∑∞n=0 1n! d̂nf (0)(z) for all z ∈ E where
lim
n
∥∥∥∥ 1n! d̂nf (0)
∥∥∥∥ 1n
BE
= 0.
Let Qnk(z) := ankzn for all z ∈ E and all n, k ∈ N. By using the Cauchy Inequalities we get that for each k ∈ N∥∥∥∥Qnk − 1n! d̂nf (0)
∥∥∥∥
BE
≤ ‖fk − f ‖BE for all n ∈ N. (3)
From the fact that (fk)k is τb-Cauchy and by using again the Cauchy Inequalities we get that given ε > 0 there exists k0 ∈ N
so that ‖Qnk − Qnl‖BE < ε for all k, l > k0 and for all n ∈ N. Consequently, for each n ∈ N the sequence (Qnk)∞k=0 is a Cauchy
sequence in PL(nE) and, since this space is complete, there exists Qn ∈ PL(nE) such that
‖Qnk − Qn‖BE → 0 as k→∞. (4)
From (3) and (4) we infer that∥∥∥∥ 1n! d̂nf (0)− Qn
∥∥∥∥
BE
< ε for each n ∈ N.
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Since this is true for all ε > 0, we get 1n! d̂
nf (0) = Qn ∈ PL(nE) for all n ∈ N. So, for all n ∈ N there exists an ∈ E such that
1
n! d̂
nf (0)(z) = Qn(z) = anzn for all z ∈ E. Moreover, as f ∈ Hb(E, E), we have
lim
n
‖an‖ 1n = lim
n
∥∥∥∥ 1n! d̂nf (0)
∥∥∥∥ 1n
BE
= 0.
So, f ∈ HL(E) as f (z) =∑∞n=0 anzn for all z ∈ E where limn ‖an‖ 1n = 0. 
Next we introduce some notation that will be used in all this paper. Given any a ∈ E we define Pa,0(z) = a for every
z ∈ E and Pa,n(z) = azn for every z ∈ E and for every n ∈ N. It is clear that Pa,n ∈ PL(nE) ⊂ HL(E) for all n = 0, 1, 2, . . ..
We also have that f ∈ (HL(E), τb) if and only if there exists (an)n ⊂ E satisfying limn ‖an‖ 1n = 0 such that f = ∑∞n=0 Pan,n
in (HL(E), τb). For every n = 0, 1, 2, . . . we define Tn : E → (HL(E), τb) by Tn(a) = Pa,n for all a ∈ E. It is easy to see that
Tn is linear. To show the continuity of Tn we take an arbitrary bounded subset B of E and λ > 0 such that ‖w‖ ≤ λ for all
w ∈ B. Then, for all z ∈ Bwe have ‖Pa,0(z)‖ = ‖a‖ and ‖Pa,n(z)‖ ≤ ‖a‖λn. So, Tn is continuous.
Now, to each φ ∈ (HL(E), τb)′ we can associate a sequence (φn)n of continuous linear functionals on E defined by
φn(a) = φ(Tn(a)) for all a ∈ E, i.e., φn(a) = φ(Pa,n) for all a ∈ E. This sequence clearly satisfies
(a) φ(f ) =∑∞n=0 φn(an) for every f =∑∞n=0 Pan,n ∈ (HL(E), τb) and
(b) (‖φn‖ 1n )n is bounded.
We recall that ifA is a Fréchet algebra,wedenote byM(A) the spectrumofA i.e., the set of all complex valued continuous
non-null homomorphisms onA. AsM(A) ⊂ A′, it makes sense to endowM(A)with the weak* topology. This topology is
also referred to as the Gelfand topology and is denoted by τG. It is known thatM(A) (endowed with the Gelfand topology)
is a compact space wheneverA is a Banach algebra (see Theorem 1.2.8 in [11]).
Part of the proof of the next theorem uses ideas of Bezanilla López in [21].
Theorem 2.5. Let E be a commutative Banach algebra with a unit element e. The mapping
δ :M(E)× C −→M(HL(E))
defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ HL(E) is injective and onto. Moreover, the inverseΠ is continuous.
Proof. Given any ϕ ∈ M(E) and λ ∈ C, it is easy to see that δ(ϕ, λ) is linear and multiplicative. As ϕ ∈ M(E), there is
w0 ∈ E such that ϕ(w0) 6= 0. From δ(ϕ, λ)(f˜w0) = ϕ(w0) 6= 0, we infer that δ(ϕ, λ) 6= 0. Moreover, given  > 0, if we
take 0 < δ <  and B = {λe} we have that U = {g ∈ HL(E) : ‖g(λe)‖ < δ} is an open subset of (HL(E), τb) such that
|δ(ϕ, λ)(f )| <  for all f ∈ U . This shows the continuity of δ(ϕ, λ) and completes the proof of δ(ϕ, λ) ∈M(HL(E)).
Nextwe show that δ is injective. Letϕ,ψ ∈M(E) andλ, γ ∈ C such that δ(ϕ, λ) = δ(ψ, γ ), i.e., δ(ϕ, λ)(f ) = δ(ψ, γ )(f )
for every f ∈ HL(E). Now from Id ∈ HL(E) and ϕ,ψ ∈ M(E) we infer that λ = ϕ(λe) = ψ(γ e) = γ . Moreover, for all
w ∈ E we have ϕ(w) = δ(ϕ, λ)(f˜w) = δ(ψ, γ )(f˜w) = ψ(w) and it follows that ϕ ≡ ψ . So, δ is injective.
To show that δ is onto, we take φ ∈ M(HL(E)). If φn(a) = φ(Pa,n) for all a ∈ E and for all n = 0, 1, 2, . . ., we know
already that (φn)∞n=0 ⊂ E ′ and φ(f ) =
∑∞
n=0 φn(an)whenever f (z) =
∑∞
n=0 anzn for all z ∈ E. From Pa,n = Pa,0(Pe,1)n for all
a ∈ E it follows that
φn(a) = φ0(a)(φ1(e))n for every a ∈ E. (5)
Consequently, φ0 6= 0 as φ0 = 0 would imply φ = 0. Moreover, from Pab,0 = Pa,0Pb,0 we infer φ0(ab) = φ0(a)φ0(b) for
every a, b ∈ E. This shows that φ0 ∈ M(E). Now, we claim that for λ = φ1(e) ∈ C we have φ(f ) = φ0(f (λe)) for all
f ∈ HL(E). Indeed, taking λ = φ1(e) in (5) we get φn(a) = φ0(a)λn for all a ∈ E and for all n ∈ N. Now, given f ∈ HL(E)we
have that f (λe) =∑∞n=0 an(λe)n where an ∈ E for all n ∈ N and consequently
φ(f ) =
∞∑
n=0
φn(an) =
∞∑
n=0
φ0(an)φ1(e)n = φ0
( ∞∑
n=0
anλn
)
= φ0
( ∞∑
n=0
an(λe)n
)
= φ0(f (λe))
where φ0 ∈ M(E). This shows that there exists φ0 ∈ M(E) and λ ∈ C such that φ(f ) = φ0(f (λe)) = δ(φ0, λ)(f ) for all
f ∈ HL(E).
Finally, as δ is injective and onto, there exists the inverse mapping
Π :M(HL(E)) −→M(E)× C.
More explicitly,Π is defined byΠ(φ) = (ϕ, λ) for every φ ∈M(HL(E))where (ϕ, λ) is the (unique) element ofM(E)×C
satisfying φ(f ) = ϕ(f (λe)) for all f ∈ HL(E). Given any φ ∈M(HL(E)) and any net (φα)α ⊂M(HL(E)) such that φα τG−→φ
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we are going to show that Π(φα) −→ Π(φ) in the product topology. Since δ is onto, there exist (ϕα)α ⊂ M(E), ϕ ∈
M(E), (λα)α ⊂ C and λ ∈ C such that φα(f ) = ϕα(f (λαe)) and φ(f ) = ϕ(f (λe)) for all α and for all f ∈ HL(E). By
hypothesis, φα(f ) −→ φ(f ) for every f ∈ HL(E). In particular, taking f = Id ∈ HL(E)we get that λα −→ λ as
λα = ϕα(Id(λαe)) = φα(Id) −→ φ(Id) = ϕ(Id(λe)) = λ.
Now, given anyw ∈ E we take the constant mapping f˜w and we get
ϕα(w) = ϕα(f˜w(λαe)) = φα(f˜w) −→ φ(f˜w) = ϕ(f˜w(λe)) = ϕ(w).
This means that ϕα
τG−→ϕ. So, (ϕα, λα) −→ (ϕ, λ), and the continuity ofΠ follows. 
Given any n ∈ N, let ∆n = {λ ∈ C : |λ| ≤ n}, ‖f ‖∆n = supλ∈∆n ‖f (λe)‖ for all f ∈ HL(E) and An = {φ ∈ M(HL(E)) :
|φ(f )| ≤ ‖f ‖∆n for every f ∈ HL(E)}. If n = 1 we write∆ instead of∆1.
Theorem 2.6. Let E be a commutative Banach algebra with a unit element e and let
Π :M(HL(E)) −→M(E)× C
be the inverse of the mapping δ defined in the proof of Theorem 2.5. ThenΠ defines an homeomorphism from An ontoM(E)×∆n
for all n ∈ N.
Proof. From the proof of Theorem 2.5 we have thatΠ = δ−1 andΠ is continuous. We claim that An is τG-compact. Indeed,
given any φ ∈ An there exists a net (φα)α ⊂ An such that φα τG−→φ. But
|φ(f )| ≤ |φ(f )− φα(f )| + |φα(f )| ≤ |φ(f )− φα(f )| + ‖f ‖∆n
for every α and for every f ∈ HL(E). Hence, φ ∈ An as |φ(f )| ≤ ‖f ‖∆n for every f ∈ HL(E). So, An is τG-closed. Now take
Un = {f ∈ HL(E) : ‖f ‖∆n ≤ 1}. Given any φ ∈ An, we have |φ(f )| ≤ ‖f ‖∆n ≤ 1 for all f ∈ Un and consequently An ⊂ U◦n
where U◦n denotes the polar of Un. But Un is a τb-neighborhood of zero since the set {λe : λ ∈ ∆n} is a bounded subset of E.
Hence U◦n isw∗-compact. Since An is τG-closed, it follows that An is τG-compact.
If δ(M(E) × ∆n) = An it is routine to show that δ|M(E) × ∆n is continuous. Now for every ϕ ∈ M(E) and λ ∈ ∆n we
have that δ(ϕ, λ) ∈M(HL(E)) and
|δ(ϕ, λ)(f )| = |ϕ(f (λe))| ≤ ‖ϕ‖‖f (λe)‖ ≤ ‖f ‖∆n
for every f ∈ HL(E). So, δ(ϕ, λ) ∈ An and hence δ(M(E) × ∆n) ⊂ An. Moreover, given φ ∈ An we have |φ(f )| ≤ ‖f ‖∆n
for every f ∈ HL(E). Since δ is onto, there exist ϕ ∈ M(E) and λ ∈ C such that φ(f ) = ϕ(f (λe)) for all f ∈ HL(E) and
consequently |ϕ(f (λe))| ≤ ‖f ‖∆n for all f ∈ HL(E). In particular for f = Idwe get
|λ| = |ϕ(Id(λe))| ≤ ‖Id‖∆n = n
and so we have that λ ∈ ∆n. So, An ⊂ δ(M(E)×∆n) and the equality δ(M(E)×∆n) = An follows. 
Proposition 2.7. E is semi-simple if and only if HL(E) is semi-simple.
Proof. Suppose that E semi-simple, i.e.R(E) = {0}. If f ∈ R(HL(E)) we have ψ(f ) = 0 for all ψ ∈ M(HL(E)) and so, by
Theorem 2.5 we have
ϕ(f (λe)) = 0 for all ϕ ∈M(E) and for all λ ∈ C. (6)
As f ∈ R(HL(E)), by Remark 2.3 there exists a sequence (an) ⊂ E such that lim ‖an‖ 1n = 0 and f (z) = ∑∞n=0 anzn for all
z ∈ E. From this and (6) we infer∑∞n=0 ϕ(an)λn = 0 for all ϕ ∈M(E) and for all λ ∈ C. Hence, for each ϕ ∈M(E) fixed, we
have
∑∞
n=0 ϕ(an)λn = 0 for all λ ∈ C and, by using the unicity of the Taylor series we get ϕ(an) = 0 for all n ∈ N. Since this
is true for every ϕ ∈M(E), we have that an ∈ R(E) for all n ∈ N. Hence an = 0 for all n ∈ N since, by hypothesis,R(E) = 0.
This shows that f ≡ 0 for every f ∈ R(HL(E)) and soR(HL(E)) = {0} since clearly 0 ∈ R(HL(E)).
Conversely, suppose thatHL(E) is semi-simple. Take a ∈ R(E) and define Fa(z) = ∑∞n=1 anzn for every z ∈ E. By using
the fact that a is quasi-nilpotent, it is easy to verify that Fa ∈ HL(E). Now, given any ψ ∈ M(HL(E)), by Theorem 2.5 there
exist ϕ ∈M(E) and λ ∈ C such that ψ(f ) = ϕ(f (λe)) for all f ∈ HL(E). In particular, ψ(Fa) = ϕ(Fa(λe)). Hence
ψ(Fa) = ϕ(Fa(λe)) = ϕ
( ∞∑
n=1
λnan
)
=
∞∑
n=1
ϕ(λnan) =
∞∑
n=1
λn[ϕ(a)]n.
But ϕ(a) = 0 as by hypothesis a ∈ R(E). Consequently, ψ(Fa) = 0. We just showed that Fa ∈ R(HL(E)) and so Fa = 0
since by hypothesisHL(E) is semi-simple. Now the unicity of the Taylor series gives an = 0 for every n ∈ N. In particular,
a = 0. From this we getR(E) = {0} since clearly 0 ∈ R(E). This completes the proof of the converse. 
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3. The algebraAL(BE)
For each n = 1, 2, . . . let BE denote the closed ball {z ∈ E : ‖z‖ ≤ 1} and let AL(nBE) be the space of all f : nBE → E
that are (L)-analytic in the interior of nBE and uniformly continuous on nBE endowed with the topology generated by the
norm defined by ‖f ‖n := supz∈nBE ‖f (z)‖ for every f ∈ AL(nBE). It is easy to verify that AL(nBE) is a Banach algebra.
Consequently,M(AL(nBE)) is τG-compact. As every element ofHL(E) is uniformly continuous on the bounded subsets of E,
the restriction f |nBE of every f ∈ HL(E) is an element ofAL(nBE). So, for each n ∈ Nwe may define pin : HL(E)→ AL(nBE)
by pin(f ) := f |nBE for every f ∈ HL(E) and jn : AL(nBE)′ −→ HL(E)′ by jn(φ)(f ) = φ(f |nBE ) for all f ∈ HL(E) and all
φ ∈ AL(nBE)′. It is easy to check that jn is injective. We remark that given AL(nBE) and s > 1 the mapping defined by
fs(z) := f ( 1s z) for all z ∈ BE is also an element of AL(nBE) and arguments similar to that used to show Proposition 6.1,
Lemma 6.2 and Proposition 6.3 in [6] show the next three results.
Proposition 3.1. The space of all f ∈ AL(nBE) such that f = g|nBE for some g ∈ HL(E) is dense inAL(nBE).
Lemma 3.2.
HL(E)′ =
⋃
n∈N
jn(AL(nBE)′).
Proposition 3.3.
M(HL(E)) =
⋃
n∈N
jn(M(AL(nBE))).
Finally we have the following
Theorem 3.4. The spectrumM(AL(BE)) of AL(BE) is homeomorphic toM(E)×∆.
Proof. Define δ : M(E)× ∆ −→ M(AL(BE)) by δ(ϕ, λ)(f ) = ϕ(f (λe)) for all f ∈ AL(BE). It is easy to check that δ is well
defined. If ϕ,ψ ∈M(E) and λ, γ ∈ ∆ are such that δ(ϕ, λ) = δ(ψ, γ ), we have
λ = ϕ(λe) = δ(ϕ, λ)(Id) = δ(ψ, γ )(Id) = ψ(γ e) = γ
and
ϕ(w) = ϕ(f˜w(λe)) = ψ(f˜w(γ e)) = ψ(w) for everyw ∈ BE,
and hence δ is injective. Let us show that δ is onto. Given φ ∈M(AL(BE))we have j1(φ) ∈M(HL(E)) and so by Theorem 2.6
there exists ϕ ∈M(E) and λ ∈ C such that j1(φ)(f ) = ϕ(f (λe)) for all f ∈ HL(E). We claim that λ ∈ ∆. Indeed, this follows
from
|λ| = |ϕ(Id(λe))| = |j1(φ)(Id)| = |φ(Id|BE)| ≤ ‖Id‖1 = 1.
Now, for every f ∈ AL(BE) such that f = g|BE for some g ∈ HL(E)we have
φ(f ) = j1(φ)(g) = ϕ(f (λe)) = δ(ϕ, λ)(f ).
As δ(ϕ, λ) and φ are continuous, by Proposition 3.1 we get that δ is onto.
It remains to show that δ is a homeomorphism. The continuity of the inverse δ−1 follows by using the same argument
used in the proof of Theorem 2.6 to show thatΠ is continuous. Finally, since δ is an injective mapping fromM(E)×∆ onto
the compact spaceM(AL(BE))whose inverse is continuous, a compactness argument shows that δ is a homeomorphism. 
We remark that argument used above shows thatM(AL(nBE)) is homeomorphic toM(E)×∆n.
The proof of the next proposition follows as the proof of Proposition 2.7. Just use Theorem 3.4 instead of Theorem 2.5.
Proposition 3.5. E is semi-simple if and only if AL(BE) is semi-simple.
4. The algebraH∞L (int BE)
If U is a non-empty open connected subset of E, we denote byH∞L (U, E) the space of the elements ofHL(U, E) that are
bounded on U . Clearly
H∞L (U, E) ⊂ H∞(U, E)
where H∞(U, E) denotes the space of all f : U → E that are holomorphic and bounded in U . Since H∞(U, E) endowed
with the sup norm is a Banach algebra, the same argument used to prove Proposition 2.4 shows thatH∞L (U, E)with the sup
norm is also a Banach algebra.
In particular if U = int BE = {w ∈ E : ‖w‖ < 1} we will writeH∞L (int BE) to denote the space (HL(int BE, E), ‖ · ‖∞)
where ‖f ‖∞ = supw∈int BE ‖f (w)‖ for every f ∈ H∞L (int BE).
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We note thatH∞L (int BE) is a commutative Banach algebra with unit f˜e. Consequently,M(H
∞
L (int BE)) is τG-compact.
To each ϕ ∈M(E) and λ ∈ ∆we associate the mapping
δ(ϕ, λ) : H∞L (int BE) −→ C
defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ H∞L (int BE). It is easy to check that δ(ϕ, λ) ∈M(H∞L (int BE)).
Proposition 4.1. The mapping
δ :M(E)×∆ −→M(H∞L (int BE))
that associates to each (ϕ, λ) ∈M(E)×∆ the function δ(ϕ, λ) defined above is injective but δ(M(E)×∆) &M(H∞L (int BE)).
Proof. Since δ is the restriction toM(E)×∆ of the mapping defined in the Theorem 2.5, it follows that δ is injective.
Now let I = {f ∈ H∞L (int BE) : f (λe)→ 0 if λ→ 1, λ ∈ R+}. It is easy to show that I is a proper ideal ofH∞L (int BE).
AsH∞L (int BE) is a commutative Banach algebra with unit, there exists a (closed) maximal ideal J ofH
∞
L (int BE) such that
I ⊂ J and we have that there exists φ ∈ M(H∞L (int BE)) such that J = φ−1(0). Now fix ϕ ∈ M(E), λ ∈ ∆ arbitrarily and
take w0 ∈ E such that ϕ(w0) 6= 0. Define g0(w) = ϕ(w0)(w − e) for every w ∈ E. Clearly g0 ∈ I and so φ(g0) = 0. On the
other side, δ(ϕ, λ)(g0) = ϕ(g0(λe)) = ϕ(w0)(λ − 1) 6= 0, and hence δ(ϕ, λ) 6= φ. Since ϕ ∈ M(E) and λ ∈ ∆ were fixed
arbitrarily, this means that δ(ϕ, λ) 6= φ for all ϕ ∈M(E) and λ ∈ ∆ and consequently δ is not onto. 
Next we are going to study the spectrum of the Banach algebraH∞L (int BE). Let
Π :M(H∞L (int BE))→M(E)×∆
be defined byΠ(φ) = (A(φ), B(φ)) for everyφ ∈M(H∞L (int BE))where A(φ)(a) = φ(f˜a) for every a ∈ E and B(φ) = φ(Id).
It is easy to verify thatΠ is well defined. Moreover
Theorem 4.2. Let Π :M(H∞L (int BE))→M(E)×∆ be defined as above. The following statements are true:
(a) Π is continuous.
(b) Π is onto.
(c) Π |δ(M(E)×∆) is injective.
(d) Π−1(M(E)×∆) = δ(M(E)×∆).
Proof. (a): Let (φα) be a net in M(H∞L (int BE)) such that φα −→ φ in the topology τG for some φ ∈ M(H∞L (int BE)).
As φα(f ) −→ φ(f ) for all f ∈ H∞L (int BE), we have that B(φα) −→ B(φ). Moreover, for each a ∈ E fixed we have that
φα(f˜a) −→ φ(f˜a), and hence by the definition of A we have A(φα)(a) −→ A(φ)(a) for all a ∈ E. So, A(φα) −→ A(φ) in the
topology τG. Finally,Π(φα) −→ Π(φ) in the product topology ofM(E)×∆.
(b) We start by remarking that Π(M(H∞L (int BE))) is closed since Π is continuous andM(H
∞
L (int BE)) is τG-compact.
Now, given ϕ ∈M(E) and λ ∈ ∆we have that
A(δ(ϕ, λ))(a) = δ(ϕ, λ)(f˜a) = ϕ(f˜a(λe)) = ϕ(a)
for all a ∈ E and consequently A(δ(ϕ, λ)) ≡ ϕ. Moreover
B(δ(ϕ, λ)) = δ(ϕ, λ)(Id) = ϕ(Id(λe)) = ϕ(λe) = λ
and all this impliesΠ(δ(ϕ, λ)) = (ϕ, λ) for every ϕ ∈M(E) and λ ∈ ∆. From this we infer that
M(E)×∆ ⊂ Π(M(H∞L (int BE))) ⊂M(E)×∆.
SinceM(E)×∆ =M(E)×∆ andΠ(M(H∞L (int BE))) is closed, we have that
Π(M(H∞L (int BE))) =M(E)×∆
and this shows thatΠ is onto.
(c): The injectivity follows immediately from the fact thatΠ(δ(ϕ, λ)) = (ϕ, λ) for every ϕ ∈M(E) and λ ∈ ∆.
(d): We have the following configuration
M(E)×∆ ↪→
δ
M(H∞L (int BE))−→
Π
M(E)×∆
and we want to show thatΠ−1(M(E)×∆) = δ(M(E)×∆).
Given φ ∈ δ(M(E) × ∆), there exists (ϕ, λ) ∈ M(E) × ∆ such that φ ≡ δ(ϕ, λ) and hence δ(M(E) × ∆) ⊂
Π−1(M(E)×∆). Conversely, given φ ∈ Π−1(M(E)×∆) there exists ϕ ∈ M(E) and λ ∈ ∆ such thatΠ(φ) = (ϕ, λ) and,
by the definition of Π , A(φ) ≡ ϕ and B(φ) = λ, i.e., φ(f˜a) = ϕ(a) for all a ∈ E and φ(Id) = λ. We claim that φ ≡ δ(ϕ, λ)
or, equivalently, φ(f ) = ϕ(f (λe)) for every f ∈ H∞L (int BE). Indeed, given f ∈ H∞L (int BE) there exists (an) ⊂ E such that
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f (z) =∑∞n=0 anzn for all z ∈ int BE or, equivalently, f (z) = (∑∞n=0 f˜an .Idn)(z) for all z ∈ int BE . Hence, by using the equalities
φ(f˜an) = ϕ(a) for all a ∈ E and φ(Id) = λ, we get
ϕ(f (λe)) = ϕ
( ∞∑
n=0
anλn
)
=
∞∑
n=0
ϕ(an)λn =
∞∑
n=0
φ(f˜an) · [φ(Id)]n
= φ
( ∞∑
n=0
f˜an · Idn
)
= φ(f )
and this completes the proof of (d). 
Proposition 4.3. The following are equivalent:
(a) δ(M(E)×∆) =M(H∞L (int BE)).
(b) For any family f1, . . . , fn ∈ H∞L (int BE) satisfying that there exists δ > 0 such that for every λ ∈ ∆ and for every ϕ ∈M(E),
n∑
i=1
|ϕ(fi(λe))| ≥ δ (∗)
holds, there exists g1, . . . , gn ∈ H∞L (int BE) such that
n∑
i=1
fi(w)gi(w) = e for allw ∈ int BE . (∗∗)
Proof. Suppose that some family f1, . . . , fn ∈ H∞L (int BE) satisfies (∗) for some δ > 0, for every λ ∈ ∆ and for every
ϕ ∈ M(E) but does not satisfy (∗∗) for every g1, . . . , gn ∈ H∞L (int BE). Let I = [f1, . . . , fn] be the ideal of H∞L (int BE)
generated by f1, . . . , fn. We claim that I is a proper ideal ofH∞L (int BE). Indeed, if e ∈ I there exist λ1, . . . .λn ∈ C such that∑n
i=1 λifi(w) = e for every w ∈ int BE . So, if we define gi(w) = f˜λie for all i = 1, . . . , n, we get g1, . . . , gn ∈ H∞L (int BE)
satisfying (∗∗) and this contradicts the choice of f1, . . . , fn. Hence I is a proper ideal of H∞L (int BE) and, as H∞L (int BE)
is a commutative Banach algebra with unit, there exists a closed maximal ideal J such that I ⊂ J. Consequently, there
exists φ0 ∈ M(H∞L (int BE)) such that J = φ−10 (0) and hence φ0(fi) = 0 for all i = 1, . . . , n. Now take U = {φ ∈
M(H∞L (int BE)) : |φ(fi)| < δn+1 for every , i = 1, . . . , n}. Clearly U is a neighborhood of φ0 inM(H∞L (int BE)). Moreover, if
there exists (ϕ, λ) ∈M(E)×∆ such that δ(ϕ, λ) ∈ U , we have that |ϕ(fi(λe))| < δn+1 for all i = 1, . . . , n, and this implies∑n
i=1 |ϕ(fi(λe))| < δ, which contradicts the choice of f1, . . . , fn. Consequently δ(M(E)×∆) $M(H∞L (int BE)). This shows
that if δ(M(E)×∆) = M(H∞L (int BE)) then for every family f1, . . . , fn ∈ H∞L (int BE) satisfying (∗) for some δ > 0, for
every λ ∈ ∆ and for every ϕ ∈M(E), then there exists g1, . . . , gn ∈ H∞L (int BE) satisfying (∗∗).
Conversely, suppose that there exists φ0 ∈ M(H∞L (int BE)) such that φ0 6∈ δ(M(E)×∆) and take δ > 0 and h1, . . . , hn ∈
H∞L (int BE) so that {φ ∈ M(H∞L (int BE)) : |φ(hi) − φ0(hi)| < δ for every i = 1, . . . , n} does not intercept δ(M(E) × ∆).
Now for every i = 1, . . . , n define fi = hi − φo(hi)f˜e and take
V = {φ ∈M(H∞L (int BE)) : |φ(fi)| < δ for every i = 1, . . . , n}.
Clearly V = {φ ∈M(H∞L (int BE)) : |φ(hi)− φ0(hi)| < δ for every i = 1, . . . , n}. Moreover, for every ϕ ∈M(E) and λ ∈ ∆
there exists i0 ∈ {1, . . . , n} such that |ϕ(fi0(λe))| ≥ δ, and consequently the family f1, . . . , fn ∈ H∞L (int BE) satisfies (∗) for
this δ > 0, for every λ ∈ ∆ and for every ϕ ∈ M(E). If there exist g1, . . . , gn ∈ H∞L (int BE) satisfying
∑n
i=1 fi(w)gi(w) = e
for all w ∈ int BE , from the facts that φ0 ∈ M(H∞L (int BE)),
∑n
i=1 figi ≡ f˜e and φ0(fi) = 0 for all i = 1, . . . , n it follows that
φ0(f˜e) = ∑ni=1 φ0(fi)φ0(gi) = 0. But φ0(f˜e) = 1 since φ0 ∈ M(H∞L (int BE)). This shows that if it is true that there exists
g1, . . . , gn ∈ H∞L (int BE) satisfying (∗∗) whenever f1, . . . , fn ∈ H∞L (int BE) satisfies (∗) for some δ > 0, for every λ ∈ ∆
and for every ϕ ∈M(E), then we must have δ(M(E)×∆) =M(H∞L (int BE)). 
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